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ABSTRACT

Water quality indices (WQI) are a useful tool to assess river water pollution. We defined pollution shares
(indicating the relative importance of pollutants) from a WQI and studied their dynamics. Using open data from
2012 to 2020 for 105 monitoring stations along river Ganga in India, we fitted systems of generalized Lotka-
Volterra (LV) differential equations to these shares. We used autonomous LV-systems (the interaction co-
efficients were constant) and LV-systems with variable (linear) interaction coefficients. 28 of the 105 stations had
sufficient data for these models, whereby for 10 stations the autonomous system fitted well to all timeseries of the
eight considered pollutants, and for 9 stations the model with linear interaction coefficients. For them we defined
three candidates for “importance-growth indicators™: (a) the interaction coefficients of the autonomous LV-
system, (b) the leading coefficient of the interaction coefficient of the system with linear coefficients, and (c)
the roots of these linear coefficients. We explored the variability of the indicators and applied them to identify
stations with a similar temporal evolution of the pollutants. Further, we suggested applications to wastewater
management, as at several stations the indicators (a) and (b) forecasted an increasing relative importance of
nitrates/nitrites, which currently pose no problems but finally may require an upgrading of existing wastewater

treatment.

1. Introduction

Starting with Horton (1965) many different water quality indices
have been developed to summarize and report water quality data in a
consistent manner (Bharti and Katyal, 2011). Typically, the indices have
the form of weighted arithmetical or geometrical means, relating the
observed pollution concentrations to certain thresholds (with a higher
value of the index indicating more pollution), depending also on the
available data for a particular river and the intended use of its water.
There is a vast literature applying such indices to assess the changes in
water quality at specific study sites during given timespans (e.g., Beck
et al., 2019; Chen et al., 2020; Hasan et al., 2020; Parween et al., 2022).

Other than the above-mentioned literature, we focus on the relative
importance of pollutants and possible implications for water manage-
ment. Thereby, we measure the relative importance of a pollutant by its
“pollution share”, meaning its share of the relevant water quality index
(here: index of Section 2.2 below). The growth of the relative impor-
tance of a pollutant is an early indicator of a future pollution risk, even if

currently this pollutant is still negligible. Detecting such risks early al-
lows for a timely planning of management actions, such as an upscaling
of water treatment infrastructure.

The systematic search for pollutants with emerging relative impor-
tance is a recent topic of water management, starting with Tang et al.
(2022), who studied past deterioration rates of water quality parameters
at a given site. Here, we develop a different approach and define
“importance-growth indicators” with the intention to summarize the
long-term evolution of the relative importance of all considered pol-
lutants at a given site and to identify the pollutant with the highest
future risk. This task of identifying the direction of trends differs
fundamentally from forecasting pollution levels, where in some cases
even reliable forecasts over three days may be difficult to obtain (e.g.,
Shamshirband et al., 2019). To define the new indicators, we propose a
dynamical model, that describes the temporal evolution of the pollution
shares of all considered pollutants at a certain site simultaneously by
means of a system of deterministic (generalized) Lotka-Volterra (LV)
differential equations. Thereby, for each except one pollutant (the
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“outside pollutant”, whose shares are the remainder of the others from
100 %) the evolution of its pollution share is described by another dif-
ferential equation of the system. The “importance-growth indicators”
are then defined from the best-fit parameters of these differential
equations. Thus, we are combining several aggregations: The pollution
data define a water quality index used to define the pollution shares of
each pollutant at that year and site. Fitting the LV-model to these time-
series then defines the “importance-growth indicators” of the pollutants
that may be used to forecast the future relative importance of each
pollutant at the given site. The paper explores several candidate defi-
nitions of such indicators. The indicators are highly aggregating,
transforming information from eight timeseries at a station into seven
numbers.

LV-models are a common tool in mathematical ecology, including for
the study of aquatic ecosystems. (Example from Huang et al., 2020: How
did water pollution by microparticles alter the aquatic predator-prey
dynamics?) Later, they were adopted for business applications: Starting
with Modis (1999), LV-systems were used to characterize the dynamics
of stock market shares. Our approach differs from both approaches with
respect to the interpretation of the models: The drivers of the pollution
dynamics are neither purely ecological (as for the classical preda-
tor—prey models of animal populations) nor purely social (as for stock
market shares). Rather, they result from a combination of ecological,
socio-economic, and institutional influencing factors. Of course, there
are many other classes of mathematical models that might be adopted to
forecast pollution shares or identify trends for them (e.g., time series
analysis using moving averages or exponential smoothing, simple
regression, logit regression, other more complex trend models, such as a
model for market diffusion by Bass, 1969, or models from systems dy-
namics; see Sterman, 2001). We decided to use LV-models, as reviews
have shown that such models produced reasonable forecasts from small
datasets (Dang et al., 2016; Fu et al., 2017). Moreover, we used a clever
variant of the LV-equations from Marasco et al. (2016). Although this
variant added flexibility to the model by allowing for variable co-
efficients, it led to considerable simplifications in practical applications,
as its system of differential equations could be solved analytically.
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Further, the fitting of the model parameters to given empirical data (a
difficulty with the conventional LV-model, c.f. Kloppers and Greeff,
2013) could be done in a straightforward way resembling logit regres-
sion. This resulted in multiple applications, such as in grocery business
(Horgan, 2020), automotive industry (Ziegler et al., 2020), food in-
dustry (Bauer et al., 2022), or water management (Focacci and Quin-
tavalla, 2020). The first author of this paper has used this model
repeatedly, too, and some more technical comments (Section 2.4) draw
on these experiences. However, as the interpretation of pollution shares
is fundamentally different from the interpretation of market shares that
was hitherto used, the application of this model to define importance-
growth indicators is new.

To illustrate our approach in a concrete setting, using data from the
public domain, we studied water pollution of river Ganga (Ganges
River). In India, this is an important policy issue, as the river provides
water for 43 % of India’s population (Gol, 2009). Thus, there is a large
body of literature about this topic (Google Scholar: 20,000 papers since
2013). The Government of India (CPCB, 2023) provides open data about
water pollution of all major rivers. For river Ganga, these data are
annual summaries of the water quality monitoring at 105 stations during
the years 2012 to 2020. However, there were specific issues with the
data. First, the latest data were from 2020, whence the impact of recent
infrastructure investments could not be assessed. Second, the timeseries
was quite short for a study of the temporal evolution of pollution; at
most nine data points at each monitoring station (one for each year). To
response to this challenge, we removed 2/3 of the stations with un-
suitable (e.g., incomplete) data from our study. Fig. 1 plots the resulting
study site; it focused on Uttar Pradesh (UP) and West Bengal (WB).
Third, the data delivered only values of certain “core parameters” for
water quality.

In view of these issues, we defined the goal of our paper as follows: Its
purpose is a proof of principle, namely that the importance-growth in-
dicators provide meaningful information, even if the data are not
perfect.

Fig. 1. Study area after choosing suitable stations; highlighted areas: Uttar Pradesh and West Bengal. The capital city Delhi is shown for better orientation. Plot using

Mathematica 13.2, based on Open Street Map.
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2. Method
2.1. Data

The webpage of the Central Pollution Control Board, CPCB (2023)
informs about river Ganga water quality at 105 monitoring stations,
identified by a code number, a rough description of its location, and the
state. The code numbers in general increase with the flow-direction of
the river, as it passes through five Indian states, Uttarakhand (UK), Uttar
Pradesh (UP), Bihar (BR), Jharkhand (JH), and West Bengal (WB),
thereby traveling 2304 km (Mirza, 2004) from the source of river Bha-
girathi at Gaumukh, UK, to the Bangladesh border. At Farakka, WB, 10
km before the border to Bangladesh, a barrage diverts about half of the
water to river Hugli (Hooghly River). The data from WB inform about
this final Indian branch (260 km) of river Ganga flowing into the Bay of
Bengal. Further, there are also stations at the main headwaters, Ala-
knanda and Bhagirathi rivers. (At their confluence in Devprayag, UK, the
river acquires the name Ganga.).

The data collect annual minimal and maximal values (for 2012 to
2014 also average values) of certain indicators from 2012 to 2020.
(More recent river water quality data for 2021 were not yet available for
download; we checked this on 01.03.2023. Data for 2015 linked to a
missing page. We retrieved them from a PDF file at the water quality
management site of the webpage.) The indicators are water temperature
(abbreviation Temp, °C), dissolved oxygen (DO, mg/L, L = liter), po-
tential of hydrogen (pH), conductivity (Con, puS/cm, S = Siemens),
biochemical oxygen demand (BOD, mg/L), nitrate/nitrite (N, mg/L),
fecal and total coliforms (FC and TC in MPN/100 mL, MPN = most
probable number); see Section 6 for a discussion. The data of 2019 and
2020 informed also about fecal streptococci. As their time-series was too
short for an analysis of the temporal evolution, we disregarded
streptococci.

In total, the data from 105 measurement stations defined a table with
652 lines for the pollution at a station and year with data for 29 to 99
stations per year. From this table we removed the columns with infor-
mation that was irrelevant for our water quality index (e.g., annual
minimum of BOD). However, there were gaps in the data. For example,
for 2012, our source provided only data between Gangotri, UK, and
Varanasi, UP; the data for the other three states apparently were lost. As
we wished to compare pollution since 2012 in a coherent manner, we
first removed all lines from the original table, where one of the relevant
parameter values was missing. Second, we removed all lines, where an
index-value was zero. For, such zeroes could be gaps (auto-filing empty
cells with 0 s) and they did not allow logit-style transformations, which
we later used. Third, as the study of trends would be futile if based on
only few points of time, from the remaining table we removed all sta-
tions with data for four or fewer years. The Supporting Data collects the
retained data and informs about which data were removed, and why
(File SD1).

This resulted in a smaller table with data from 28 stations (215 lines).
Fig. 1 plots the resulting study area. These were 17 stations in UP (1062
at Garhmukteshwar, 2488 and 2489 at Anoopshahar/Anupshahr, 1145
at Narora, 2490 at Kachhla, 1063 and 1066 at Kannauj, 1146 at Bithur/
Bithoor, 1067 and 1068 at Kanpur/Cawnpore, 1147 at Dalmau, 2498 at
Kalakankar near Raebareli, 1046, 2487, and 1049 at Allahabad/Pray-
agraj, 2485 and 2486 at Mirzapur, and 1071 at Varanasi/Banaras), and
11 stations in WB (1080 at Berhampore/Baharampur, 2506 at Tribeni,
1054, 1472, 1053, 2511, 1471, and 1470 at Kolkata/Calcutta, 1052 at
Uluberia, and 1469 at Diamond Harbor/Diamond Harbour).

2.2. Water quality index

As was mentioned in the introduction, there are multiple water
quality indices, with one even specifically designed for river Ganga (Ved
Prakash index: Abbasi and Abbasi, 2012, Bhutiani et al., 2016). How-
ever, the goal of our paper is a proof of principle regarding indicators for
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relative-importance growth. Therefore, for us it did not matter, which
water quality index was used, if it was reasonable. Consequently, we
defined a water quality index ad hoc with the intention to utilize the
available data. (This is not the Ved Prakesh index.).

We first defined indices that aimed at transforming the measure-
ments into numbers that were comparable with respect to the potential
damages. We defined them so that index value 0 was optimal, while an
index value 1 or higher was inacceptable, meaning a pollution (con-
centration) above a legal or a common non-legal threshold. Such
thresholds may derive from standards that aim at ensuring that certain
ecological services (e.g., bathing, fishery) are safe (Starkl et al., 2013;
Starkl et al., 2018a; Cid et al, 2022).

- Temperature (Temp) may modify the impact of other pollutants. As
40 °C (a non-legal threshold) is not in the temperature range
preferred by fish, while 20 °C or below is OK, we defined an index
WQo(xg) = x0/20 — 1. The relevant parameter from our data was x:
annual maximum of the observed temperatures.

- Fecal coliforms (FC) are a health challenge. CPCB (2023) refers to a

legal threshold of at most 2500 MPN/100 mL in India for fecal co-

liforms in bathing water. We defined WQ;(x;) = x1/2500. The
relevant parameter from our data was x;: annual maximum of fecal
coliform concentration.

For total coliforms (TC), CPCB (2023) reported a threshold of at most

5000 MPN/100 mL. We defined WQs(x3) = x2/5000. The relevant

parameter from our data was x3: annual maximum of total coliform

concentration.

Nitrate/nitrite (N) is a toxicant for fish and associated to algal bloom.

A common (non-legal) threshold is 30 mg/L. We defined an index

WQs(x3) = x3/30. The relevant parameter from our data was xs:

annual maximum of N-concentration.

Biochemical oxygen demand (BOD) measures organic pollution.

CPCB (2023) refers to a legal threshold of at most 3 mg/L for bathing

(up to 12 mg/L would be conceivable for fishery). We defined an

index WQ4(x4) = x4/3. The relevant parameter from our data was x4:

annual maximum of BOD concentration.

Conductivity (Con) informs about salinity. Based on a (non-legal)

threshold for river water, we defined WQs(xs) = x5/4000. The

relevant parameter from our data was xs: annual maximum of
conductivity.

Dissolved oxygen is necessary for aquatic life. CPCB (2023) refers to

a legal threshold of at least 5 mg/L for bathing. As values above 10

mg/L are optimal for fishery, we defined WQg(xg) = 2 — x¢/5. The

relevant parameter from our data was xg: annual minimum of the
concentration of dissolved oxygen.

The potential of hydrogen (pH) informs about the acidity or basicity.

CCPC(2022) refers to the legally acceptable range of pH between 6.5

and 8.5 (optimal for fish: pH = 8.2). We defined WQ7(x7, xg) = max

{(82-10 x x7)/17, (10 x xg — 82)/3}. The relevant parameters from

our data were x7 and xg: annual minimum and annual maximum of

the pH values (Fig. 2 explains the index).

The sum of these indices defined our ad hoc index to assess total
pollution. Thus, for each station and year, the input was a vector, x =
(xo, X1, ..., Xg); a line in the table of SD1. We used it to define our water
quality index WQI as in equation (1).

WQI(X) = WQQ(X0)+WQ]()C1)+.4.+WQ7(X77.X8) (1)

For the selected 28 stations (Section 2.1), the values of these indices
are provided as Supporting Data (in file SD1). To measure the relative
importance of each pollutant, we defined its “pollution share”, s;, as the
relative contribution to total pollution: s; = WQ;/WQI. The values of
these pollution shares were si(ty) for pollutantsi = 0, 1, ..., 7 at years t;
chosen from 2012, 2013, ..., 2020 (at different stations data were
available for different sequences of years). They are tabulated in the
Supporting Data, too (file SD1). The temporal evolution of these shares
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Fig. 2. Idea behind the formula for the definition of index WQg for the pH-
value (red). The dashed line indicates the index value at the legal thresholds.
(For interpretation of the references to colour in this figure legend, the reader is
referred to the web version of this article.)

is the object of our study.

2.3. Lotka-Volterra model

Marasco et al. (2016) proposed the following variant (2) of the LV-
system of differential equations:

b)) _ yi(t) (g,-(t) =D g0 ey ) i=12. (@2

dt jz1

We used the solutions, y;(t), of this system of differential equations to
describe the temporal evolution of pollution shares (“inside pollutants™:
i=1,2,...) over time, t, at a given observation station. To this end, we
first defined an “outside pollutant” (the others being “inside pollut-
ants”). We used temperature for this purpose (renumbering: index i = 0),
as discussed further in Section 4.

We then defined (dis)utilities relative to temperature by means of
equation (3), where s; = WQ;/WQI was the pollution share for pollutant,
i. By this definition, the (dis)utility of the outside good was set to be zero.
(In models, where only two pollutants are considered, i = 0 and i = 1, the
utility uy(t) is the logit of s;.) The Supporting Data tabulates the (dis)
utilities, u;(tx), whereby i =1, 2, ..., 7 lists the inside pollutants and t; are
the years (from 2012 to 2020) considered for the respective stations (file
SD1).

w(f) = 1n(;0((?)>1 — 1,2, 3)

The parameters of model (2) will be determined from fitting suitable
curves to the time-series of the observed (dis)utilities (3) whereby we
could handle the pollutants independently from each other. We fitted
simple functions, vi(t), to the observed (dis)utilities (nonlinear regres-
sion). For reasons explained in Section 4, we used only linear or
quadratic polynomials to model (dis)utilities. (The model curves, y;,
were not polynomials.).

We then defined “interaction coefficients”, g(t), as the derivatives of
these polynomials, equation (4). For linear polynomials, using these
interaction coefficients in equation (2) defined an autonomous system
with constant coefficients.

g(t) = di;ﬁ’) =12, )

The following functions, y;(t) of equation (5), were then solutions of
the LV-system (2) and they approximated the pollution shares. The
pollution shares of the outside pollutant, yy(t), were approximated by
the remainder of these shares.
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y:'(t) _ exp(v,»(l) )

o) g, ®)
1+ ij]eXP(Vj(t) ) l

2.4. Implementation and statistical methods

Our computations and plots used Mathematica 13.2 of Wolfram
Research (2023). For data fitting, we wused its function Non-
linearModelFit (for linear problems it automatically used linear pro-
graming). It applied the method of least squares to fit regression
polynomials (and other types of functions) to the observed (dis)utilities,
u;. Thereby, for a given station and for each good, i, we sought param-
eters for the regression polynomial, vi(t), that minimized the sum of
squared errors, SSE; of equation (6). Here, tx (fork = 1, 2, ..., K) were the
years of measurement (which were not the same for all stations). We
reported goodness of fit using R-squared, equation (7).

K

SSE; = Z (vilte) — wi() )? 6

k=1

R—1- _ SSE; i
2k (i) — mean(uy (1), ui(12), ) )

As is well-known, water quality data in general are subject to errors
and uncertainty (Jha and Jha, 2013), resulting in outliers. Maximal and
minimal values are particularly sensitive to irregularities. Some authors
suggest Al methods to “correct” the data (Kouadri et al., 2021). Instead,
we used Mathematica to identify and remove potential outliers to
improve the fit: For each station and a given pollutant, we identified the
datapoint with the least single deletion variance (provided by the
“NonlinearModelFit” command). Owing to the small number of avail-
able datapoints, we added a test, if we should retain this datapoint: We
compared it with the median of the single deletion variances. (We
conducted a location test, whereby Mathematica selected a test statistic
automatically from several options, such as a sign test. If it resulted in a
P-value below 0.01, we deemed the year with this datapoint as strange.
Note, that this was not the P-value of the applied test, which varied with
the sample size: The smaller the sample, the higher the chances were
that the suspicious datapoint would pass the test.) We then removed all
data for this year (also for the other pollutants) from the station record.
If there remained less than 3 (linear model) or 4 (quadratic model) years,
then we refrained from using the given model for that station.

For the quadratic regression polynomials, we were also interested in
their vertices (roots of the interaction coefficients, i.e., of the first de-
rivatives of the regression polynomials). However, to compute their
confidence intervals, we had to re-parametrize the polynomials, equa-
tion (8), using instead of parameters py, p1, and p, (equation (8), left) the
new parameters a = py, b = pg and vertex v = — 0.5-p1/pa, and solve the
nonlinear regression problem in a, b, and v.

()

Po+piettpret* =aet’ —2eaeverth (€)]

To report the goodness of the fit of the LV-model functions, y; of
equation (5), to the observed pollution shares, s;, we used the precision
rate of equation (9): It is 1 minus the mean absolute relative error
relative to the data. The precision rate was suggested by Dang et al.
(2016). We also considered the precision rate PR* relative to the model;
write y; instead of s; in the denominators of equation (9). We applied it
for the outside good, too. We did not report R-squared for the model
functions (and neither the mean squared error), as they were not least-
square fits to the pollution shares.

1 &) — i) |
PR,-:lfgoZ# 9)

= si(ti)

The least-squares method provided maximum-likelihood estimates,
if the fit errors were “white noise”, independent and identically nor-
mally distributed random variables (Diebold, 2007). We tested these



N. Brunner et al.

assumptions using the Anderson-Darling test for normal distributions
and the Box and Pierce test for significant autocorrelations; these tests
are implemented in Mathematica. (The selection of these methods took
the small sample sizes into consideration. For instance, the Cramér and
von Mises test for normal distributions requires 7 or more data points.).

To explore the variability of the best fit parameters, we analyzed
their confidence intervals (provided by NonlinearModelFit). However, if
one of the above tests for the “white noise” assumption failed, this could
indicate a misspecification of the model. In this case the variability of
parameters would be larger (Newey and West, 1987: broader confidence
intervals). If the “white noise” tests were fulfilled, we used the asymp-
totic multinormal distribution of the parameters for simulations. (Its
mean values and covariance matrix were provided by
NonlinearModelFit.).

Consequently, prior to a more detailed analysis of our outcomes we
identified the stations, where the fit residuals of the regression poly-
nomials for all seven timeseries of (dis)utilities inside pollutants satisfied
the “white noise” assumption. Moreover, for such analysis we consid-
ered only stations, where the model functions had an acceptable fit to all
eight timeseries of the pollution shares. Our selection criteria were a P-
value below 0.01 for the normal distribution test and the autocorrelation
test, and precision rates (PR and PR*) above 0.5 (see Section 4 for a
discussion). Further, for a low R-squared we checked the regression
polynomials. However, in general this indicated an almost constant
pollution share.

There are multiple measures for the correlations between data vec-
tors. Generally, one uses the Pearson correlation coefficient. However,
in some situations there may be problems with the scaling: On face
value, data may appear as ratio-scaled real numbers, but this may be
misleading. Rather, correlation needs to be redefined to capture the
information that is needed and available from the data. For example,
Spearman rank correlation is used where only the order relations be-
tween the data matter (ordinal data). Another example from water
quality assessment is “grey relational analysis” (Gai and Guo, 2023),
where the compared vectors are transformed to detect geometrical
similarities. In our study, when comparing different vectors of
importance-growth indicators it occurred to us that for them the posi-
tions relative to the median might matter. To focus on this aspect, which
did not require the full ordinal information about the vectors, we applied
Blomqvist (1950) beta (f): Given vectors x = (x1, X3, ...) and ¥ = (y1,
Y2, -..), it considers the vectors of signs of the differences to the
respective medians, (x;-median(x)) and (yimedian(y)); Blomqvist f is
then the (usual) Pearson correlation coefficient between these vectors of
signs.

3. Results
3.1. Conclusions from WQI for water management

The large population along river Ganga caused massive water
pollution from untreated domestic sewage and industrial wastewater
(Gol, 2009). For, there are major urban centers along river Ganga, such
as Haridwar in UK, Kannauj, Kanpur, Allahabad, and Varanasi in UP,
Patna in BR, and Kolkata in WB. Further, there is pollution from in-
dustrial clusters at Kashipur and Moradabad discharging into river
Ramganga, and clusters at Meerut and Modinagar discharging into river
Kali. (Both rivers join Ganga near Kannauj, UP.) Till the late 1970 s there
was barely an awareness for water pollution in India (Wohl, 2012). This
indifference was surprising, considering the high spiritual value of the
“purity” of river Ganga water (Alley, 2019; Eck, 1999). In 1985 the
Ganga Action Plan was initiated, followed in 1993 by the Second Ganga
Action Plan and in 1995 the National River Conservation Plan. Under
these policies, infrastructure for the collection and treatment of sewage
was funded, open defecation was reduced by the provision of toilets and
public awareness raising, and riverfronts were developed (Dutta et al.,
2020). However, an analysis of the water sector reform policies between
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2002 and 2006 has found a preference for non-selective “soft” sup-
porting measures for the implementation of better infrastructure, such
as capacity building and guidance of local communities, while selective
“hard” control, such as competitive bidding and monitoring to link
funding to success was largely neglected, resulting in suboptimal out-
comes (Brunner et al., 2010; Starkl et al., 2013). Thus, in 2015 sewage
treatment capacities along river Ganga still ranged from inadequate (6.6
% to 8.9 % in BR, JH, and WB) to low (30.1 % to 37.2 % in UK and UP),
whence in 2014 the (ongoing) Clean Ganga Program (Namami Gange)
was initiated as a game changer (Breitenmoser et al., 2022). Supporting
actions were the Clean India Mission (Swachh Bharat) of 2014, the Atal
Mission for Rejuvenation and Urban Transformation (AMRUT, formerly
JNNURM) of 2015, and the Smart City initiative of 2017. As these ex-
periences with water sector reform policies have shown, it took three
decades till deficiencies of past policies were recognized and addressed
by new policy initiatives.

Did these policies significantly affect river water quality? We asked
this question for the previously selected 28 stations with sufficient data
(Section 2.1). To identify possible trends, we fitted linear regression
lines to the timeseries of our ad hoc defined WQI (Section 2.2). For 23
(82 % of the 28 stations) the regression line was decreasing (increasing
for the other five stations), meaning a trend for improving water quality.
However, the sign of the slope was significant for only five regression
lines. Of them there were four significant improvements (i.e., 14 % of 28
stations) with a negative sign (negative upper 95 % confidence limits for
the slopes at stations 1052, 1472, 1469, and 2490) and one with a
positive sign (positive lower 95 % confidence limit for the slope at sta-
tion 2506). Fig. 3 plots two of the regression lines with significant slopes.

Thus, when considering only those pollutants that CPCB (2023)
deemed as noteworthy to report, then in general during 2012 to 2020
river Ganga pollution did not change much: In general, it did not dete-
riorate significantly, and there were merely 14 % significant improve-
ments. This observation was also supported by the in general small R-
squared values for the regression lines (R®> < 0.2 at 12 stations), sug-
gesting close to constant water quality levels. Further, a detailed look at
the Supporting Data table of WQI-values (file SD1) suggests several is-
sues. For 93 % (198) of its 214 data lines, at least one of the eight water
quality parameters did not satisfy the water quality thresholds
mentioned in Section 2.2. Most failures were observed for BOD, followed
by FC and TC (193, 163 and 157 failures). For FC and TC, the failures
were most dramatic, with 13-17 % of the data lines displaying coliform
counts that exceeded the respective legal threshold by the factor of 100.
DO and pH were problematic, too (72 and 76 failures), while N, Temp,
and Con, were in general unproblematic (no, one, and nine failures,
respectively).

3.2. Best fitting models and stations with acceptably fitting models

In the sequel, by the linear or quadratic LV-model we mean the LV-
model, where linear or quadratic polynomials, respectively, were fitted
to the (dis)utilities. The resulting solutions of the LV differential equa-
tions, functions y;(t) for the pollution shares, were not linear or
quadratic. A table in the Supporting Data lists the outcomes of our
computations (file SD2). For each of the 28 selected stations (Section
2.1) and each of the eight considered pollutants (Section 2.2), it lists the
model parameters together with their 95 % confidence intervals
(computed from data file SD1), P-values from testing the fit residuals of
the regression polynomials, and precision rates of the LV-model func-
tions. For the identification of the stations, we reported the village
names and the station codes and added new station numbers in the di-
rection of the river flow. For further conclusions we highlighted 16 of
the 28 stations, where the LV-models had acceptable fits to the data for
all eight model curves (we employed several tests to assess the fit).

We first fitted linear or quadratic polynomials to the (dis)utilities of
(inside) pollutants and searched for outliers. Specifically for each sta-
tion, we identified “strange years”, where one of the seven considered
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Fig. 3. Plot of the timeseries of the index values of WQI (red dots), the regression line (black), and 95% mean prediction bands (yellow) for two monitoring stations.
Plot using Mathematica 13.2, using SD1 as data source. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of

this article.)

time-series possibly had an outlier (Supporting Data, file SD1). Thereby,
given the regression polynomial, we identified the datapoint with the
least single deletion variance. We then used a location test to check, if
that datapoint might be an outlier. If so, the year, where this datapoint
was observed, was labeled as “strange” and all data for strange years
were removed for the station at hand. Sometimes we removed potential
outliers whose deviations from the regression polynomials were within
the range of random fluctuations; this could nevertheless improve the fit
(Fig. 4).

The results of this step (together with the best-fit parameters of the
regression polynomials) are summarized in the Supporting Data (file
SD2). We found up to four strange years per station. Next, for each
station we removed all data of the strange years. Finally, we removed all
stations with data for less than four (linear LV-model) or five (quadratic
LV-model) remaining years. (For example, for station 1063 in Kannauj,
UP, the four years 2012, 2013, 2014, and 2016 were identified as
strange for the linear LV-model, because there were potential outliers in
2012 for FC, in 2013 for pH, in 2014 for N, and in 2016 for DO. There
were only data for two years remaining: 2015 and 2016. Consequently,
for the linear LV-model station 1063 was removed for lack of data.
Similarly, for the quadratic models the stations 1053 and 1472, both in
Kolkata, WB, were removed.) The Supporting Data informs about the
finally retained data (file SD1 with columns for the linear and quadratic
LV-models, respectively).

(a) BOD
dis-utility BOD

4 :

3:— °

2 |

1 L]
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Second, we studied the remaining data and fitted linear (and
quadratic) polynomials to the (dis)utilities (c.f., black dots and black line
in Fig. 4). The outcomes are listed in a table of the Supporting Data (file
SD2). Thereby, for each station and each of the seven pollutants, we
computed the best-fit parameters of the regression polynomials, the 95
% confidence intervals, R-squared, and the P-values for the statistical
tests (Section 2.4) if the fit residuals were normally distributed and not
autocorrelated. With respect to these tests, the linear LV-model and the
quadratic LV-model were problematic (one test with P-value p less than
0.01) at up to two stations (misspecification of the model for at least one
of the seven time-series per station). Third, using equation (5) and the
regression polynomials, v,(t), we approximated the pollution shares,
si(t), by the LV-model functions, y;(t). Next, considering the outside
pollutant (Temp), too, we assessed the goodness of fit by means of the
precision rates, PR and PR*, computed the limits of the (modeled)
pollution shares for infinite time, and collected the results in the Sup-
porting Data (file SD2). The LV-model had an acceptable the fit, if for all
eight model curves for the pollution shares the precision rates PR or PR*
were above 0.5.

For an illustration, Fig. 5 plots the data and models curves for station
1469 at Diamond Harbor, WB, where river Ganga flows into the Bay of
Bengal. Both LV-models had acceptable fits. Comparing the precision
rates (minimum of PR and PR*), then the quadratic LV-model had a
better fit for 5 pollutants and the linear LV-model had a better fit for the
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Fig. 4. Plot of the (dis)utilities for BOD and N at station 2490 (Kachhla, UP): Data for 2013-2015 had been removed due to data gaps. Red dots indicate data for
strange years that were finally removed, too. Black dots are the retained data. The black and red lines are the regression lines fitted to the retained (black) and all (red
and black) data, respectively. The yellow area is the 95% mean prediction band for the red line. The plots explain, why a) 2016 was strange for BOD and b) 2020 was
strange for N, although in view of the mean prediction band the deviation of the latter datapoint from the red line was not excessive. Plot using Mathematica 13.2,
using SD1 as data source (dots). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 5. Plots of the (dis)utilities, pollution shares and LV-model curves for eight pollutants at station 1469 (Diamond Harbor, WB), using the linear and quadratic LV-
model functions. Outliers were removed from the data. The colors are explained in the legend (left).

other three (Con, N, TC). Thereby, both models were fitted to five years,
but the sequence of years differed, as the linear and quadratic models
identified different potential outliers.

We identified 10 (36 %) from 28 originally considered stations,
where the linear LV-model had an acceptable fit to the data after the
removal of possible outliers (strange years), and 9 (32 %), where the
quadratic LV-model had an acceptable fit. For three stations both models
were acceptable, for seven stations only the linear model was accept-
able, and for six stations, only the quadratic model. Thus, for 16 (57 %)
of the considered 28 stations one of our models had an acceptable fit. For
both models, the best fit was achieved at station 2489 (Anoopshahar,
UP). There, for all timeseries the P-values for the tests of normality and
autocorrelations were above 0.05, the precision rates were above 0.79,
and R-squared was above 0.56 (with a slightly better fit for the quadratic
LV-model).

3.3. New indicators for the pollution dynamics at each station

There are two obvious candidates for importance-growth indicators:
the leading coefficients of (a) the linear, and (b) the quadratic poly-
nomials fitted to the (dis)utilities of each pollutant. Note that for the
linear model the leading coefficients coincide with the interaction co-
efficients of the LV-system: They are the first derivatives of the fitted
trend lines v(t) = py + pi-t. Similarly, for the quadratic model the
interaction coefficients are linear functions, g(t) = p1 + 2-pa-t (using po,
P1, and ps as the parameters of the regression polynomial). Thus, using
its leading coefficient, 2-p,, would be equivalent to indicator (b), using

p2. Further (quadratic model), in economic literature, the roots of the
interaction coefficients are of interest, as they indicate possible breaks in
the market dynamics (Dominioni et al., 2019) and (dis)utility for pol-
lutants is extremal at these roots (vertices of the parabolas of dis-
utilities). We therefore consider (c) the roots of the interaction co-
efficients as another candidate for an indicator set. We refer to the in-
dicators (a), (b) and (c) as linear, quadratic, and root indicators,
respectively. We first studied them for the 16 stations, for which one of
our models had acceptable fits. To explore, if a good fit was really
needed, and to apply statistical tests, we also explored the indicators for
the 28 stations with sufficient data.

At first, we speculated, which pollutant might dominate in the end.
This means that its LV-model curve predicts a pollution share of 100 % in
the limit at infinite time. For the first two indicators there is an obvious
relation to the limits of the pollution shares at infinite time. As can be
seen from a typical formula for a model function in Fig. 6, for the linear
model the limit for t > co depends on the relative sizes of the leading
coefficients (slopes p1) of the linear functions in the exponents. If all
slopes are negative (as in Fig. 6), the limits for the inside pollutants are
0 and so the limit for the outside pollutant is 1. If some slopes are pos-
itive, then the limit of the pollution shares is 1 for the inside pollutant
with the largest slope and O for all other pollutants. (We disregard
maxima with slope 0 or several equal maxima, as this occurs with
probability 0, referring to the asymptotic multinormal distributions of
the best-fit parameters.) Similarly, for the pollution shares modeled by
the quadratic LV-model, the leading coefficients (py) of the quadratic
polynomials fitted to the (dis)utilities decide about the forecasted limit,
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Fig. 6. Typical model function for the pollution shares for the linear LV-model.

which (with probability 1) is 1 for one pollutant and 0, otherwise.
Considering both the best fitting linear or quadratic LV-models, pH
dominated 8 times, followed by N, TC, Temp (3), Con, FC (1), and BOD
(0). At one station (2498) the forecasts of the linear and quadratic LV-
models differed (Table 1).

Next, we compared the variability of the leading coefficients. For the
19 LV-models with acceptable fits (16 stations), the fit errors were
normally distributed and independent. Assuming that these errors were
accidental, then another random perturbation of the data might have led
to different estimations. We modeled the best-fit parameters by random
variables following the asymptotic multinormal distribution of the
regression parameters. Using this distribution, we conducted 10,000
simulations of the parameters for the inside pollutants and counted, how
often the leading parameter of a pollutant was largest and positive (this
pollutant dominated) and how often all simulated leading parameters
were negative (Temp dominated). In general (see Table 1) the domi-
nating pollutant for the best fit model was more often dominating for the
simulations than any other pollutant (exception: station 1068). How-
ever, for seven entries of the table, in at least 50 % of the simulations
there were various other pollutants that by chance could be dominating,
too. Consequently, also for the models with acceptable fits there
remained some uncertainty about which pollutants might finally
dominate.

For the 28 stations with sufficient data for our models, we assessed
the (minimum) variability by the average length of the confidence in-
tervals of the leading coefficients (upper bound minus lower bound) for
the seven inside pollutants at each station. (As amongst the 28 stations
we allowed for misspecifications of the model, the actual variability
might have been larger.) For p; of the linear LV-model and p, of the
quadratic LV-model, the logarithms of these average values were nor-
mally distributed, whereby the 95 %-quantiles for the average lengths
were 1.09 and 0.77 for p; and p,, respectively. (Anderson-Darling test: P-
values p = 0.69 for p; and p = 0.27 for pp. Maximum-likelihood esti-
mators for the mean value m and the standard deviation of the loga-
rithms: m = — 0.71, 6 = 0.48 for p;, and m = — 1.3, 0 = 0.63 for ps.).

For the quadratic model and the 26 stations with sufficient data for
this model, we also considered the roots as potential indicators. How-
ever, there were several drawbacks. First, for 25 of 26 stations

Table 1
Dominant pollutants in the best-fit model and in simulations.

(exception: 2488), the roots had no 95 %-significant positive or negative
(Pearson) correlation with the leading coefficients. Second, at 16 of 26
stations, at least one of the seven roots occurred before 2012 or after
2020. Thus, in general the roots were extrapolations and not directly
observable from the data. Third, there was a high variability. For the
sample of the 26 stations, the logarithms of average lengths of the 95
%-confidence intervals of the seven roots at each station were approxi-
mately normally distributed (mean 4.0, standard deviation 1.92,
Anderson-Darling test: P-value p = 0.39). According to this distribution,
with 81 % probability, for similar data to ours the average lengths of the
confidence intervals of the roots would be 10 years or more (while there
were at most 9 years of observation).

3.4. Ordinal comparison and pattern of pollution evolution

For each station, there was only one dominant (inside or outside)
pollutant. However, owing to the variability in the parameters, another
pollutant could dominate by chance (Table 1: simulations). Here, we
considered a weakening of this notion, inside pollutants with relatively
large leading coefficients. By this we mean coefficients that were above
the median of all leading coefficients for the different (inside) pollutants
at a given station. The outside pollutant was ignored.

Considering both models (Table 2), pH had 12 times a relatively
large coefficient, followed by N (9), DO and TC (8), Con and FC (7), and
BOD (6). The three pollutants with relatively large leading coefficients
for the best-fit parameters had again relatively large coefficients in
15-73 % of the simulations (Table 2); all other combinations occurred
less frequently. Further, comparing at each station the simulated leading
coefficients with the best-fit leading coefficients then with one exception
(station 2489 with 61 % for the quadratic indicator), in at least 82 % of
the 10,000 simulations the Blomqvist correlation was high, > 1/3. (For
this § value, in the simulations at most one of the pollutants could drop
out of the group with relatively large indicators.) Hence, we expected to
draw more stable conclusions from the relatively large model parame-
ters. We used this notion in our search for common patterns in the dy-
namics of the evolution of the pollution shares across different stations.

A related notion (comparison with 0) is studied in business literature,
where the signs of the interaction coefficients (of the inside goods) of the

Location Code Linear LV-models Quadratic LV models

Best fit Sim: 1st Sim: 2nd Best fit Sim: 1st Sim: 2nd
Garhmukteshwar, UP 1062 NA TC 66 % TC 25 % FC
Anoopshahar, UP 2489 Temp 92 % Temp 5 % DO N 41 %N 24 % Temp
Narora, UP 1145 Temp 72 % Temp 15 % TC NA
Kanpur, UP 1067 NA FC 49 % FC 43 % TC
Kanpur, UP 1068 Temp 38 % Con 32 % Temp NA
Kalakankar, UP 2498 Con 47 % Con 16 % Temp NA
Allahabad, UP 1046 pH 64 % pH 23 %N pH 35 % pH 24 % DO
Allahabad, UP 2487 NA pH 63 % pH 23 % Temp
Allahabad, UP 1049 NA N 45 %N 36 % DO
Mirzapur, UP 2486 TC 64 % TC 35 % FC NA
Mirzapur, UP 2485 NA N 68 % N 30 % Temp
Tribeni, WB 2506 pH 55 % pH 23%N NA
Kolkata, WB 1054 NA TC 67 % TC 23 % pH
Kolkata, WB 1053 pH 53 % pH 35%N NA
Kolkata, WB 1470 pH 46 % pH 44 %N NA
Diamond Harbor, WB 1469 pH 99 % pH pH 56 % pH 29 % TC

Note. The column “Best fit” lists the pollutants, which the best-fit model forecasted to finally dominate. The next two columns were based on 10,000 simulations. They
inform about the most and second most frequent outcome with respect to domination. The simulated model parameters were random variates from multinormal
asymptotic distributions of the best-fit parameters. The distributions of different pollutants were assumed to be independent.
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Table 2
Inside pollutants with relatively large coefficients in the best-fit model and in
simulations.

Code Linear LV-model
Best fit

Location Quadratic LV-model

Sim f>1/3 Best fit Sim p>1/3

Garhmukteshwar, UP 1062 NA
Anoopshahar, UP 2489 BOD, DO, pH 33 % 86 %

FC,N,TC  73% 94 %
BOD, N, pH 15% 61 %

Narora, UP 1145 DO, FC, TC 27 % 82% NA
Kanpur, UP 1067 NA Con, FC, TC 36 % 85 %
Kanpur, UP 1068 Con, DO, TC 33% 92% NA

Kalakankar, UP 2498 BOD, Con, N 30% 84 % NA

Allahabad, UP 1046 DO, N, pH 52% 98 % BOD, DO, 34% 97 %
pH

Allahabad, UP 2487 NA DO, N,pH 34% 94 %

Allahabad, UP 1049 NA DO, N,pH 45% 97 %

Mirzapur, UP 2486 BOD, FC, TC 41% 93 % NA

Mirzapur, UP 2485 NA Con, DO, N 39% 90 %

Tribeni, WB 2506 FC, pH, TC 60% 99% NA

Kolkata, WB 1054 NA FC, pH, TC 68 % 98 %

Kolkata, WB 1053 Con, N,pH 55% 95% NA

Kolkata, WB 1470 Con, N, pH 73% 99 % NA

Diamond Harbor, WB 1469 BOD, Con,
pH

57 % 99.9 % FC, pH, TC 46 % 98 %

Note. The column “Best fit” lists the inside pollutants with relatively large
leading coefficients (alphabetic order); “Sim” counts, how often in 10,000
simulations exactly these three pollutants had relatively large leading co-
efficients; “g > 1/3” counts, how often the Blomqvist beta was 1/3 or higher. The
simulated model parameters were random variates from multinormal asymp-
totic distributions of the best-fit parameters. The distributions of different pol-
lutants were assumed to be independent.

LV-system characterized its dynamics through an ecological interpre-
tation (Fu et al., 2017): competition (+ +), mutualism (—-), or preda-
tor—prey dynamics (4-—). For the ten stations where the linear LV-model
had acceptable fits, there were three stations with all signs “—” (pairwise
mutualism), for two stations, one sign was “—” and the others were “+”
(one sole prey for six pairwise competing predators), and for the other
stations, all three types of dynamics occurred. For the quadratic LV-
model, the signs could change. Here, the leading coefficient would
inform about the sign in the far future. As to limitations, in total only 18
(26 %) of 70 leading coefficients of the linear model (10 stations) and 15
(24 %) of 63 leading coefficients of the quadratic model (9 stations) had
significant signs (positive lower or negative upper bound of the 95 %
confidence interval). Further, the relation to dominance was weak. For
the linear model there were only two dominating inside pollutants with
significantly positive leading coefficients. (At station 2506, BOD and TC
had significantly positive leading coefficients, but pH with insignificant
leading coefficient dominated.) For the quadratic model, none of the
dominating pollutants had a significantly positive leading coefficient.
We hypothesized that despite the above noted uncertainty about
dominance, two stations with a similar long-term evolution of the
pollution shares might have similar leading coefficients of the LV-
models, at least with respect to their ordinal information relative to
the median. (For example, this information would not change, if the
pollutant with the second largest leading coefficient would dominate by
chance.) Further, we hypothesized that neighboring stations would
display a similar long-term evolution of the pollution shares. To test this
hypothesis for each of the indicators (a), (b), and (c), at each station we
collected the indicator values for the seven (inside) pollutants into a
vector in seven dimensions and tested for significantly positive corre-
lations between these vectors. Thereby, we used only the ordinal in-
formation (to take care of possible uncertainties) and distinguished only
between relatively large and small indicator values (above/below the
median). Blomqvist beta by design used exactly this information. Owing
to the small number of only seven inside pollutants per stations, we
could expect only weak (90 %) significance. (Using the Blomqvist beta
test, the observed P-values were 0, 0.1, and 1.) To obtain nevertheless
statistically relevant information, we considered all 28 stations with
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sufficient data for modeling, regardless of the goodness of fit. To visu-
alize the 351 comparisons for each two of the 27 stations with sufficient
data for the linear LV-model and the 325 comparisons of 26 stations for
the quadratic LV-model, we plotted correlograms: We represented the
stations by vertices (points) and linked two of them with an edge (line) if
the indicator-vectors had a positive and 90 % significant beta (in
dimension 7 this was equivalent to # > 1/6). The vectors were comprised
of (a) the linear, (b) the quadratic, and (c) the root indicators associated
to the seven inside pollutants. The correlograms are provided as Sup-
porting Data (file SD3).

For all three types of indicators, the correlograms displayed clusters
(highlighted in file SD3) that spread across the study area: Regardless of
their distance (along river Ganga) every-two stations of the cluster were
linked (graph theoretical cliques). The clusters for the linear, quadratic,
and root indicators, were comprised of 16 (8 UP, 8 WB, 60 % of 27
stations), 13 (8 UP, 5 WB, 50 % of 26), and 10 (6 UP, 4 WB, 38 % of 26)
stations respectively. To check the significance (if similar outcomes
could come from arbitrary indicator values), we compared the outcome
with a random graph. (We conducted 10,000 simulations of 26 stations,
each with seven random numbers as simulated indicators. For these
vectors we defined a graph, linking simulated stations if § > 1/6,
meaning significantly positive correlation. This was equivalent to
choosing a random graph from a Bernoulli graph distribution with 26
vertices and edge probability of 50 %.) The typical clique of the random
Bernoulli graphs (40 % of simulations) had size 8. Cliques of size 10 (as
for the root indicator) occurred frequently, too (9 % of the simulations).
However, cliques with 13 or more elements were rare (0.1 %). Thus,
clique size was significant for the linear and quadratic indicators.
Further, each station had 90 % significant positive correlations with
7-18 (Median 15), 8-19 (Median 14), and 9-20 stations (Median 13.5),
respectively (vertex degree), each station could be linked to any other
station using 2-4 edges (vertex eccentricity), and for all three correlo-
grams 53-54 % of all possible links were realized (graph density).
However, these values did not differ significantly from the Bernoulli
graphs. (For them, median density was 50 %.) Despite this high level of
connectedness, for the linear indicators the removal of three stations
(1067, 1068 of Kanpur, UP, and 2485 of Mirzapur, UP) would discon-
nect the correlogram, leaving another cluster (6 UP, 2 WB). This small
number was notable: For the quadratic and root indicators, at least 7 or 9
of 26 stations would be needed to disconnect the graphs (vertex cuts).
For the Bernoulli graphs, typically 7 vertices were enough to disconnect
the graphs (26 %), while only 0.2 % of the random graphs were
disconnected by 3 or fewer vertices.

Contrary to our initial assumption, graphs were more disconnected,
when only “neighboring” stations with 90 % significant positive beta
were linked, removing all indirect links from the correlogram. (We
stretched the meaning of “neighbor™: It is the next of the considered
stations along river Ganga, regardless of the distance.) For the linear
indicator, there were 14 components for 27 vertices, for the quadratic
indicator 9 components for 26 vertices, and for the root indicator 8
components for 26 vertices (Table 3). For random graphs, 13 compo-
nents occurred most frequently (13 %), 9 or fewer components occurred
for 5 % of simulations and 8 or fewer components for 2 % of simulations.
Further, the largest components were comprised of four, nine, and
twelve stations for the linear, quadratic, and root indicators, respec-
tively. For the random graphs, maximal components of size four
occurred most often (29 %), while components of size nine or larger
occurred for 4 %, only. Thus, with respect to the count and size of
components, the findings for the root indicator and (size only) the
quadratic indicator differed significantly between our study area and the
random graphs.

Initially, we expected physical reasons for graph-disconnections.
(For very distant stations, or if water quality changes at the conflu-
ence of two rivers, or if megacities pollute the river, then the growth
characteristics of the stations might become different.) However, we
found only one station (2511 in Kolkata, WB), where the connectedness
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Table 3
Connectedness components of the adjacency graphs of successive stations.
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Location Code Component no Location Code Component no

Q R L Q R
Garhmukteshwar, UP 1062 1 1 1 Allahabad, UP 1049 9 2 2
Anoopshahar, UP 2488 2 1 1 Mirzapur, UP 2486 10 3 2
Anoopshahar, UP 2489 3 1 1 Mirzapur, UP 2485 10 4 3
Narora, UP 1145 4 1 1 Varanasi, UP 1071 10 4 3
Kachhla, UP 2490 5 1 2 Berhampore, WB 1080 10 4 4
Kannauj, UP 1063 NA 1 2 Tribeni, WB 2506 11 5 5
Kannauj, UP 1066 6 1 2 Kolkata, WB 1054 12 5 5
Bithur, UP 1146 6 1 2 Kolkata, WB 1472 12 NA NA
Kanpur, UP 1067 6 1 2 Kolkata, WB 1053 12 NA NA
Kanpur, UP 1068 6 2 2 Kolkata, WB 2511 13 6 6
Dalmau, UP 1147 7 2 2 Kolkata, WB 1471 14 7 7
Kalakankar, UP 2498 7 2 2 Kolkata, WB 1470 14 7 7
Allahabad, UP 1046 7 2 2 Uluberia, WB 1052 14 8 7
Allahabad, UP 2487 8 2 2 Diamond Harbor, WB 1469 14 9 8

Note. Adjacency graphs were defined from positive and 90% significant Blomqvist beta between the indicator sets L, Q, R. These refer to the linear, quadratic and root
indicators, defined from the leading coefficients of the linear and quadratic LV-models and from the roots of the interaction coefficients of the quadratic LV-model. NA
indicates that the linear/quadratic LV-model was not fitted due to lack of data (after removal of potential outliers).

components for all indicators consisted of this station, only. At another
station (1080 in Berhampore, WB) the connectedness components of all
indicators ended. (The confluences with rain-fed Mor and Ajay rivers
between Berhampore and Tribeni might explain this.) Thus, using
different LV-models or different indicators derived from the same model
may lead to different perceptions about the pollution growth pattern.
However, for our study area (Fig. 1) Table 3 also displays several
stretches along river Ganga, where all three indicators agreed about the
similarity of the pollution growth patterns (Kannauj to Kanpur, Dalmau
to Allahabad, Mirzapur to Varanasi, and part of Kolkata). This suggested
similarities between the temporal evolution of the pollutants that may

(a) Correlogram: linear indicators, 27 stations

Con

(b) Correlogram: quadratic indicators, 26 stations

pH

(c) Correlogram: root indicators, 26 stations

be inherent to the data.

In a similar way, we explored certain associations between pollut-
ants. Thereby, for each pollutant we defined vectors from the indicator
values of that pollutant at the considered stations. Again, we used
Blomgqvist beta. In view of the length of the compared vectors, we could
work with 95 % significance. Fig. 7 illustrates, how the different
importance-growth indicators identified different patterns for possible
interactions between the pollutants. The outcomes depended also on the
samples. For the smaller ones, some associations were not observed
sufficiently often to be significant (associations of BOD with FC, N, and
pH, DO with pH). Conversely, the larger samples might have blurred

(d) Correlogram: linear indicators, 10 stations

N FC
BOD DO
T
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o
(f) Correlogram: root indicators, 9 stations
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Fig. 7. Pollutants were associated in case of a 95% significant (positive or negative) Blomqvist beta between the vectors of (linear, quadratic and root) indicators of
that pollutants at the considered stations. Plots a to c used all available stations and plots d to e used only stations, where the models had acceptable fits. Plot using

Mathematica 13.2 and the data from SD2.
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some observations that a smaller sample using better fitting models
could discern (associations of pH with Con and TC). Further, some as-
sociations noted in literature were not replicated for our data (e.g., as-
sociations of pH with FC and N). Note that there is a large body of
literature on the correlation between pollutants (e.g., Kothari et al.,
2021), whereby the focus is on physio-chemical causations. (For
instance, regression curves between BOD and chemical oxygen demand
COD were derived to estimate BOD more easily: Bhat et al., 2003; Osuide
et al., 2011.).

Table 4 lists references that may matter in the present context. Our
approach differed insofar from this literature, as we studied the tem-
poral evolution of pollution at given sites, where associations could as
well be influenced by social and institutional factors.

4. Discussion and conclusion
4.1. Further discussion of model assumptions

As mentioned in the methods, we have made several assumptions
that in hindsight may need more justifications. First, the choice of our
data. Based on annual worst-case data, we studied the pollution of river
Ganga during 2012-2020, using data from 105 measurement stations. In
an initial step, we reduced the count of 105 considered stations to 28,
where sufficiently long time-series were available to allow for mean-
ingful tests for the goodness of fit (to refute models with inadequate fit).
We thereby discarded the river Ganga data of three states (BR, JH, and
UK). This situation was not exceptional: The unavailability of water
quality data and the short timespans of observation for the available
data are common problems in water resources management (e.g., Cigi-
zoglu and Kisi, 2005; Hadjisolomou et al., 2021; Jeong et al., 2005;
Moustaka-Gouni et al., 2019). Thus, we did not find a suitable alterna-
tive, namely open data with many monitoring stations (requiring a large
river) reporting longer time-series (e.g., monthly data over several de-
cades). For example, we considered other large rivers as possible study
sites, such as River Danube or River Rhine in Europe, both with trans-
National Monitoring Networks. Thereby, Danube data were not in the
public domain and for Rhine, some pollutants were measured at fewer
than nine stations.

For the definition of pollution shares we needed an additive water
quality index. (This means, WQI was a sum of indices WQ;, one for each
pollutant, i. We then could define the pollution shares as s; = WQi/WQIL.
Thereby, WQ; needed not be linear, as illustrated for pH.) As our data
source focused on a short set of key pollutants, we were restrained to
define indices for these pollutants, only. For future research (not only
ours) a more complete water quality monitoring along river Ganga
might be useful. Several common water quality measurements, such as
total suspended sediment (TSS) or heavy metals, were not provided by
our source. For an assessment of sustainability, also pesticides, micro-
plastics, or even water-related indicators for land use could be rele-
vant (Yao et al., 2023). Emerging issues with new pollutants or common
pollutants that become more important cannot be identified and

Table 4

Count of associations observed in the correlograms of Fig. 7.
Association Count Association Count Association Count
BOD with DO 6! N with DO 3 BOD with N 1
FC with TC 6> BOD with TC 2 Con with pH 1
BOD with Con 5! DO with pH 2 pH with TC 1°
Con with FC 4 FC with N 23 DO with FC 0
Con with DO 3! N with TC 23 DO with TC 0
Con with TC 3 BOD with pH 1 FC with pH 0°
N with Con 3 BOD with FC 14 N with pH 0°

Notes. Various authors noted similar associations in different contexts. 1:
Bhaskar and Dixit, 2015; 2: pollutants originated from the same sources; 3: Aram
et al., 2021; 4: Hiraishi et al., 1984; 5: Pearson et al., 1987; 6: Marques et al.,
2006.
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assessed if monitoring does not consider them. (For a further discussion
of water quality assessment: Starkl et al, 2022.).

However, the key pollutants were sufficient to illustrate our method.
(Too many additional pollutants could become problematic because of
additional potential outliers.) We used a straightforward approach to
define our water quality index, relating pollution levels to the pollution
thresholds mentioned in the data-source. Apparently, the thresholds of
the data-source were intended to inform about water quality for bathing.
Did the choice of specific thresholds affect our importance-growth in-
dicators? For instance, using another threshold m; for FC defined the
index WQi(x1) = x1/m; resulting in (dis)utility uy(x;) = In(x1/
WQo(x0)) — In(m;). Hence, changing m; altered the coefficient pg of the
regression polynomial fitted to the (dis)utility for FC, therefore the root
indicator, but not the leading coefficients, therefore not the linear or
quadratic indicators. (The same for WQ, toWQs, and the same for
criteria weights, which we did not use.).

The set up of our models involved the definition of an outside
pollutant. We used Temp as outside pollutant for all stations and models.
To some extent this choice was arbitrary. Selecting a suitable outside
pollutant for each station separately could improve the performance of
the LV-model (Bauer et al., 2022). However, to define an indicator in a
uniform way from the (dis)utilities, we had to choose the same outside
pollutant for all stations. Thereby, Temp fulfilled the intuition of an
outside good as representing some external remainder (Focacci and
Quintavalla, 2020): Its pollution shares were small, and its values were
less affected by water management decisions than other pollutants.
Conceivable anthropogenic influences on Temp were from the discharge
of waste heat of a nuclear power plant at 1145 (Narora, UP), or from
dams (e.g., Pashulok Barrage and Bhimgoda Barrage in UK, Farakka
Barrage in WB) that may increase Temp (Kedra and Wiejaczka, 2018).

Although the timeseries provided by the data were quite short, we
removed additional data points with poor fit. Our rationale was the
identification and removal of outliers. For a single timeseries, the
judgment of the researcher who collected the data could be a sensible
method to identify outliers. For 225 timeseries we preferred an auto-
mated approach to ensure transparency and replicability. Thereby, we
removed all years, where we detected a potential outlier for one
timeseries (at the given station), as we wanted a uniform treatment of all
timeseries at a given station. Further, we removed different potential
outliers for the linear LV-model and the quadratic LV-model. We were
prepared to remove at most one potential outlier per timeseries, whence
some outliers might have remained in the selected data, resulting
perhaps in poor fits. Indeed, removing all potential outliers from both
the quadratic and the linear LV-model from the data would have iden-
tified more stations, where one of the models had an acceptable fit.

We fitted only linear and quadratic polynomials to the (dis)utilities.
Of course, other function classes could be used for nonlinear regression,
too. For example, in energy studies, where the data showed a periodic
structure (e.g., business cycles), Fourier polynomials were used for
regression (Dominioni et al., 2019). However, more complex functions
allow to optimize more parameters, whence fitting such functions to a
small dataset may result in overfitting (Granger and Newbold, 1974).
This could easily be the case for five to nine datapoints, as in the present
situation. (To avoid evident overfitting for the linear and quadratic
polynomials, we used them only with at least four or five datapoints,
respectively.) Therefore, we did not use more complex functions.
Further, we choose these functions, as their extrapolations to infinite
time would clearly indicate (perhaps exaggerate) the trend for the
evolution of the relative importance (because the polynomials then
approached +o0). Hence, we expected that the parameters of these
functions could be used to define indicators for the evolution of relative
importance growth.

In a final step we selected 16 stations, where one of our two LV-
models had acceptable fits. Our thresholds to select these models were
not restrictive; this may have contributed to the variability of the in-
dicators. However, as the thresholds had to be fulfilled by eight model
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curves simultaneously, and as there was already a high variability in the
data, using too stringent thresholds might lead to the rejection of all
stations. Further, for statistical evaluations and to explore, if a good fit
was really needed, we considered also the 28 stations with sufficient
data for our models, but perhaps not so good fits. As for an example, the
plots in Fig. 7 compare the conclusions that could be drawn using the
stations with acceptably fitting models alone (right hand side) and using
all stations (left hand side).

4.2. Conclusions for water management

We proposed three indicators to characterize the dynamics of the
pollution shares: linear, quadratic, and root indicator. Their definitions
were motivated by the quest for methods to recognize the potential
success or failure of water management projects (and subsequently also
of programs and policies) in real time. For, the success or failure of new
infrastructure and improved management practices may evolve too slow
to be clearly discernible from measurements of water pollution. Indeed,
a linear regression for WQI confirmed our perception that during 2012
to 2020 there was not much change in overall Ganga water quality
(Section 3.1). Further, emerging challenges for wastewater management
may remain undetected because of still low pollution levels. The new
indicators aim at addressing this problem, as they focus on the long-term
temporal evolution and not on current pollution levels.

We found no viable associations of the root indicator with the long-
term performance of pollutants. For the linear and quadratic indicators
there was an obvious relation with the temporal evolution of the
pollution shares. (The inside pollutant with largest positive indicator
value dominates: its share is 100 % in infinite time. If all indicator values
are negative, then the outside pollutant dominates.) As a cautionary
note, dominance may have different reasons, whence the observation of
dominance can only be a first step, followed by a case-by-case assess-
ment (for which we have no data). For example, at three stations the
outside pollutant, Temp, was dominant for the linear indicator
(confirmed for 32-92 % of the simulations: Table 1). This could indicate
a success of wastewater treatment (inside pollutants becoming less
important), but it could also be related in another way to water man-
agement (such as discharge of waste heat at station 1145) or to climate
variations (e.g., failure of monsoon in years 2014 and 2015).

For another example, the indicators for N were of particular interest:
In India continuing urbanization may result in a lower fraction of the
population choosing a vegetarian diet (Pandey et al., 2020), which may
lead to higher levels of N in the wastewater of urban agglomerations.
Further, in this case there may be a growing demand for, e.g., poultry. If
(backyard) poultry farms discharge (insufficiently treated) sewage into
rivers, then this may affect the concentration of N in rural wastewater
(poultry litter contains high levels of N), whereby the rapid growth of
poultry husbandry in India (Rath et al., 2015) may translate into
increasing pollution shares for N. In turn, this might be reflected by
higher indicator values for N. Indeed, we found three stations with a
positive and maximal indicator for N, and seven stations with above the
median indicator values for N, amongst them all three stations at Alla-
habad, UP. (In Google Maps we found 20 + poultry farms in the area.)
Thus, N may become an issue in the future (upgrading of current
wastewater treatment plans by an additional purification step, as is
common in Europe for N), although since 2012 at all 28 stations the
concentrations of N have remained below the legal threshold. As a
caveat, forecasts into the infinite future are rather extreme and therefore
not always reliable. For example, in business applications it was
observed that innovative products often started with low market shares
as predators on established products (Bauer et al., 2022). Thereby, the
LV-model could easily overestimate the growth potential, as it was fed
only with data about the initial phase of rapid growth. Consequently,
dominance (limit 100 % in infinite time) indicated a potential for higher
relative importance in the future, but the extrapolation to infinite time
was merely speculative.
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The large spread of the data resulted in a high variability of the
model parameters. Depending on the station and model, in up to 65 % of
10,000 simulations (exploring the impact of data variability) the
dominant pollutant of the best-fit model was not dominant for the
simulated model (Table 1). To overcome the resulting uncertainty, we
proposed an ordinal approach, comparing the position of indicator
values relative to their median. To further illustrate this concept, we
explored the spatial dimension of the temporal evolutions and compared
the indicator values at different stations by means of correlograms that
linked stations with 90 % significant positive Blomqvist beta between
their indicator sets. For all three indicators, the correlograms were
connected. Further, we found several characteristics, where one or more
of these graphs differed significantly from a random correlogram of 26
simulated stations, whose indicator values were random numbers.
Notable features were the larger size of the cliques (linear and quadratic
indicators) and the small size of the vertex-cut set (linear indicator).
Further, considering only correlations in the flow direction, we noted
the small number of connectedness components (root indicator), and the
large size of the maximal components (quadratic and root indicators).
This indicated similarities in the overall pattern of the dynamics across
the study area, but dissimilarities along the direction of the flow. In the
latter case, we observed also stretches, where all three indicators
showed significant positive correlations for neighboring stations
(Table 3). This indicates a somewhat similar pattern of the growth dy-
namics at least across certain stretches.

In view of the significant differences to a random graph, we hy-
pothesize that the similarities of growth patterns might be related to
similar future pollution risks at the study sites (e.g., pressures towards
more pollution, similar practices for pollution abatement), even if their
current pollution problems were different. Therefore, with respect to
water management we suggest that such patterns may inform the new
concept of FlexiBAT (Starkl et al., 2018b). It defines benchmarks for
wastewater treatment plants from the comparisons of plants with similar
site-specific characteristics. For example, if the new indicators forecast
an emerging problem with a pollutant, then according to FlexiBAT the
concerned communities might require an upscaling of wastewater
treatment infrastructure. For other communities, this may be superflu-
ous. Basically, we argue that different (disconnected) stretches of the
river may have different risks with water quality in the future, reflected
by the connectedness components of the correlograms, whence Flex-
iBAT may be defined differently, too.

Concerning the implementation of the indicators by practitioners we
note that at the station level most computations could be done using a
spreadsheet. This is a main advantage of using LV-models of the type
proposed by Marasco et al. (2016). The computation of the water quality
index, the pollution shares, and the (dis)utilities is straightforward.
Linear and quadratic regression is available, too (LINEST function of
Excel). The identification of outliers could be done by visual inspection.
The subsequent definition of the LV-model functions for the pollution
shares is straightforward, too. Simulations, graph theoretical analyses,
and statistical tests were easier in Mathematica.
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Appendix A. Supplementary data

The raw data are provided as a supplementary Excel File SD1.xlsx: It
informs about the station code and the year (columns 1-2), and about the
pollution data, namely (depending on the needed input for our water
quality index) the maximal and/or minimal annual values of pollution
parameters (columns 3-11). The data were retrieved from CPCB (2023).
Further (column 12), it informs, which data were removed from our
study, and why. For the retained data it tabulates the water quality index
(columns 13-21), the pollution shares (columns 22-29), and the (dis)
utility of pollutants (columns 30-36). It then explains, separately for the
linear and the quadratic LV-model, which data were removed because of
potential outliers (columns 37-38). The (intermediate) results of the
computations for 28 initially selected stations are provided as a sup-
plementary Excel File SD2.xlsx: It numbers the data in the direction of
flow, provides village names, station codes and the name of the
pollutant, whose time-series was analyzed (columns 1-4). Further, for
each station and model it reported if the model could be accepted or
should be rejected (explaining the reason: misspecification or poor fit).
A Word file SD3.docx contains the plots of three correlograms linking
stations with a similar pattern of importance growth, based on three
indicators (Section 3.2) to describe the dynamics of this growth.

Supplementary data to this article can be found online at https://doi.
org/10.1016/j.ecolind.2023.110201.
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